MTH 166

Lecture-15

Method of Variation of Parameters




Topic:
Solution of Non-Homogeneous LDE with Constant coefficients.

L_earning Outcomes:

To use Method of Variation of Parameters to solve Non-Homogeneous LDE with

constant coefficients.



Method of VVariation of Parameters:

Let us consider 2" order Non-homogeneous LDE with constant coefficients as:
ay" + by' + cy = r(x) (1)
Let two solutions of C.F. (aD? + bD + ¢) = 0 be y; and y,

Le. Ve = C1y1 + 62>

Yi Y2

!

Wronskian, W = '
Yi Y2

PI yp — _Y]_fyZ;/(x) dx +y2 f)ﬁ‘;/(X) dx

General solutionis: y = C.F.+P.1.

i.e.y=yc+yp



Problem 1. Find the general solution of: y" +y =secx

Solution: The given equation is:

y'"+y=secx (1)
S.F.: (D*+ 1)y =secx WhereD = di

X
= f(D)y =r(x) where f(D) = (D?+ 1) and r(x) = secx
To find Complimentary Function (C.F.):
AE..f(D)=0 > D?*?+1)=0 =D’=—-1=D=1i—i

. Complimentary function is given by:

y, = e%(cy cosx + ¢y sinx)
= vy, = (cy cosx + ¢, sinx)

To find Particular Integral (P.1.):

Comparing y, With y, =c; y1+ ¢, v,

Here y; = cosx, y, = sinx



yi Y2

yi' y2'

cosx sinx :
= ‘ = (cos®x + sin’x) = 1

Wronskian, W = = .
— SInx COS X

P.I. is given by: y, = —y; [2279 e 4y, [221D gy

w w

>y, = — cosxfSin x(lsec ) dx + sinx [ — x(lsec ) dx
=y, = —cosx [ tanx dx + sinx [ dx

=y, = — cos x(—log|cos x|) + sin x(x)

-~ General solution is given by: y = C.F. +P.l.

Le.y =yt yy

=y = (c; cosx + ¢, sinx) + cos x(log|cos x|) + x sinx Answer.



Problem 2. Find the general solution of: y" + y = cosecx

Solution: The given equation is:

y'"" +y = cosecx (1)

S.F.: (D?+ 1)y = cosecx Wwhere D = di

X
= f(D)y =r(x) where f(D) = (D?+ 1) and r(x) = cosecx
To find Complimentary Function (C.F.):
AE..f(D)=0 > D?*?+1)=0 =D’=—-1=D=1i—i

. Complimentary function is given by:

y, = e%(cy cosx + ¢y sinx)
= vy, = (cy cosx + ¢, sinx)

To find Particular Integral (P.1.):

Comparing y, With y, =c; y1+ ¢, v,

Here y; = cosx, y, = sinx



Y1 Y2 COS X sin x

Wronskian, W = = ‘ = (cos?*x + sin’x) =1

yi' y2'|  l=sinx cosx
L . (x) (x)
P.I. is given by: y, = —y; fyz‘:ﬂvx dx + v, fylgvx dx
N Yy = — COSXfSin x(closecx) dx + S‘inxfcos x(closec X) dx
=y, = —cosx | dx + sinx [ cotx dx
=y, = —cosx(x) + sinx (log|sinx|)

-~ General solution is given by: y = C.F. +P.l.

Le.y =yt yy

=y = (c; cosx + ¢, sinx) + sinx(log|sin x|) — x cosx Answer.



Problem 3. Find the general solution of: y” +y =tanx

Solution: The given equation is:

y" +y=tanx (1)
S.F.:(D?+ 1)y =tanx Wwhere D = di

X
= f(D)y =r(x) where f(D) = (D?+1) and r(x) = tanx
To find Complimentary Function (C.F.):
AE..f(D)=0 > D?*?+1)=0 =D’=—-1=D=1i—i

. Complimentary function is given by:

y, = e%(cy cosx + ¢y sinx)
= vy, = (cy cosx + ¢, sinx)

To find Particular Integral (P.1.):

Comparing y, With y, =c; y1+ ¢, v,

Here y; = cosx, y, = sinx



yi Y2

vi' ya

COSX Sinx .
= | = (cos®x + sin’x) =1

Wronskian, W = = .
— SINnxXx COS X

P.I. is given by: y, = —y, [ ") dx + y, [2 ) dx

w w
sin x(tan x) : cos x(tan x)
=y, =—cosx [ dx + sinx [ dx
p 1 1

_ Sinzxd : inxd
= Yp = —cosx [ ——dx +sinx [ sinx dx

_ 1—coszxd :
=y, =—cosx | ———dx + sinx(— cos x)
= y, = —cosx J(secx — cos x)dx — sinx cosx
= y, = —cosxlog|secx + tanx| + cosx sinx — sinx cosx

-~ General solution is given by: y = C.F. +P.I.

L.y =Yt Wy

= y = (c1 cosx + ¢, sinx) — cos x(log|secx + tan x|) Answer.



Problem 4. Find the general solution of: y" +y = cotx

Solution: The given equation is:

y" +vy =cotx (1)
S.F.: (D*+ 1)y =cotx where D = di

X
= f(D)y =r(x) where f(D) = (D?+ 1) and r(x) = cotx
To find Complimentary Function (C.F.):
AE..f(D)=0 > D?*?+1)=0 =D’=—-1=D=1i—i

. Complimentary function is given by:

y, = e%(cy cosx + ¢y sinx)
= vy, = (cy cosx + ¢, sinx)

To find Particular Integral (P.1.):

Comparing y, With y, =c; y1+ ¢, v,

Here y; = cosx, y, = sinx



Y1
v

COS X Sin x

Wronskian, W = .
— SINnxXx COS X

| = (cos?x + sin’x) = 1

P.I. is given by: y, = —y, fyz;'/(x) dx + vy, fyll;/(x) dx

N Y, = —COS X f sin x(lcotx) dx + sin x f cos x(lcotx) dx
cos’x
= yp = —cosx [ cosxdx +sinx [ ——dx
1-sin’x
= Yyp = —cosx (sinx) +sinx [ ———dx
= y, = —cosx (sinx) + sinx [(cosecx — sinx)dx
= Yy, = —cosx(sinx) + sinx (—log|cosecx + cotx|) + sin x(cos x)

-~ General solution is given by: y = C.F. +P.1.

L.y =Yt Wy

= y = (c; cosx + ¢, sinx) — sin x(log|cosec x + cotx|) Answer.



Problem 5. Find the general solution of: y" — 2y’ — 3y =e*

Solution: The given equation is:

y'—2y' =3y =¢e" (1)
SF.:(D2=2D—3)y=e* whereD z%
= f(D)y = r(x) where f(D) = (D? —2D —3) and r(x) = e*

To find Complimentary Function (C.F.):

AE..f(D)=0 =D?*-2D-3)=0 =D-3)(D+1)=0
= D = 3,—1 (real and distinct roots)

. Complimentary function is given by:
Ve = c1e3% + c e 1%

To find Particular Integral (P.1.):

Comparing y, With y, =c; y1+ ¢, v,

Here y, = e3*,y, = e™*



eSx e—x

= 3€3x _e—x

yi Y2

Wronskian, W = /
Yi Y2

— (_83xe—x _ 383xe—x) — _462x

P.I.is given by: y,, = —y, fyzgv(x) dx + y, fylgf(x) dx
>y, =—e3* _(e)dx+ = Bx(ex)d

e —2x e”” 2%
=y =—J e Fdx —— [e*¥ dx

R _ €3x (e—Zx) e—x (eZX) _ 1ex
o =3\ 4 \ 2/ a4

=~ General solution is given by: y = C.F. +P.I.

ey =yt

_ 1
=y = (c;e3* + c,e %) — —e*  Answer.
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