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Lecture-15

Method of Variation of Parameters 



Topic:

Solution of Non-Homogeneous LDE with Constant coefficients. 

Learning Outcomes:

To use Method of Variation of Parameters to solve Non-Homogeneous LDE with 

constant coefficients.



Method of Variation of Parameters:

Let us consider 2nd order Non-homogeneous LDE with constant coefficients as:

𝑎𝑦′′ + 𝑏𝑦′ + 𝑐𝑦 = 𝑟(𝑥) (1)

Let two solutions of C.F. 𝑎𝐷2 + 𝑏𝐷 + 𝑐 = 0 be 𝑦1 and 𝑦2

i.e. 𝑦𝑐 = 𝑐1𝑦1 + 𝑐2𝑦2

Wronskian, 𝑊 =
𝑦1 𝑦2
𝑦1

′ 𝑦2
′

P.I. 𝑦𝑝 = −𝑦1 ׬
𝑦2 𝑟 𝑥

𝑊
𝑑𝑥 + 𝑦2 ׬

𝑦1 𝑟 𝑥

𝑊
𝑑𝑥

General solution is: 𝑦 = 𝐶. 𝐹.+𝑃. 𝐼.

i.e. 𝑦 = 𝑦𝑐 + 𝑦𝑝



Problem 1. Find the general solution of:    𝑦′′ + 𝑦 = sec 𝑥

Solution: The given equation is: 

𝑦′′ + 𝑦 = sec 𝑥 (1)

S.F. : 𝐷2 + 1 𝑦 = sec 𝑥 where 𝐷 ≡
𝑑

𝑑𝑥

⇒ 𝑓 𝐷 𝑦 = 𝑟(𝑥) where 𝑓 𝐷 = 𝐷2 + 1 and 𝑟 𝑥 = sec 𝑥

To find Complimentary Function (C.F.):

A.E. : 𝑓 𝐷 = 0 ⇒ 𝐷2 + 1 = 0 ⇒ 𝐷2 = −1 ⇒ 𝐷 = 𝑖,−𝑖

∴ Complimentary function is given by:

𝑦𝑐 = 𝑒0𝑥 𝑐1 cos 𝑥 + 𝑐2 sin 𝑥

⇒ 𝑦𝑐 = 𝑐1 cos 𝑥 + 𝑐2 sin 𝑥

To find Particular Integral (P.I.):

Comparing 𝑦𝑐 with 𝑦𝑐 = 𝑐1 𝑦1+ 𝑐2 𝑦2

Here 𝑦1 = cos 𝑥, 𝑦2 = sin 𝑥



Wronskian, 𝑊 =
𝑦1 𝑦2
𝑦1

′ 𝑦2
′ =

cos 𝑥 sin 𝑥
− sin 𝑥 cos 𝑥

= 𝑐𝑜𝑠2𝑥 + 𝑠𝑖𝑛2𝑥 = 1

P.I. is given by: 𝑦𝑝 = −𝑦1 ׬
𝑦2 𝑟 𝑥

𝑊
𝑑𝑥 + 𝑦2 ׬

𝑦1 𝑟 𝑥

𝑊
𝑑𝑥

⇒ 𝑦𝑝 = −cos 𝑥 ׬
sin 𝑥(sec 𝑥)

1
𝑑𝑥 + sin 𝑥 ׬

cos 𝑥(sec 𝑥)

1
𝑑𝑥

⇒ 𝑦𝑝 = −cos 𝑥 ׬ tan 𝑥 𝑑𝑥 + sin 𝑥 𝑑𝑥׬

⇒ 𝑦𝑝 = −cos 𝑥(− log cos 𝑥 ) + sin 𝑥(𝑥)

∴ General solution is given by: 𝑦 = C.F. +P.I.

i.e. 𝑦 = 𝑦𝑐+ 𝑦𝑝

⇒ 𝑦 = 𝑐1 cos 𝑥 + 𝑐2 sin 𝑥 + cos 𝑥(log cos 𝑥 ) + 𝑥 sin 𝑥 Answer.



Problem 2. Find the general solution of:    𝑦′′ + 𝑦 = cosec 𝑥

Solution: The given equation is: 

𝑦′′ + 𝑦 = cosec 𝑥 (1)

S.F. : 𝐷2 + 1 𝑦 = cosec 𝑥 where 𝐷 ≡
𝑑

𝑑𝑥

⇒ 𝑓 𝐷 𝑦 = 𝑟(𝑥) where 𝑓 𝐷 = 𝐷2 + 1 and 𝑟 𝑥 = cosec 𝑥

To find Complimentary Function (C.F.):

A.E. : 𝑓 𝐷 = 0 ⇒ 𝐷2 + 1 = 0 ⇒ 𝐷2 = −1 ⇒ 𝐷 = 𝑖,−𝑖

∴ Complimentary function is given by:

𝑦𝑐 = 𝑒0𝑥 𝑐1 cos 𝑥 + 𝑐2 sin 𝑥

⇒ 𝑦𝑐 = 𝑐1 cos 𝑥 + 𝑐2 sin 𝑥

To find Particular Integral (P.I.):

Comparing 𝑦𝑐 with 𝑦𝑐 = 𝑐1 𝑦1+ 𝑐2 𝑦2

Here 𝑦1 = cos 𝑥, 𝑦2 = sin 𝑥



Wronskian, 𝑊 =
𝑦1 𝑦2
𝑦1

′ 𝑦2
′ =

cos 𝑥 sin 𝑥
− sin 𝑥 cos 𝑥

= 𝑐𝑜𝑠2𝑥 + 𝑠𝑖𝑛2𝑥 = 1

P.I. is given by: 𝑦𝑝 = −𝑦1 ׬
𝑦2 𝑟 𝑥

𝑊
𝑑𝑥 + 𝑦2 ׬

𝑦1 𝑟 𝑥

𝑊
𝑑𝑥

⇒ 𝑦𝑝 = −cos 𝑥 ׬
sin 𝑥(cosec 𝑥)

1
𝑑𝑥 + sin 𝑥 ׬

cos 𝑥(cosec 𝑥)

1
𝑑𝑥

⇒ 𝑦𝑝 = −cos 𝑥 𝑑𝑥׬ + sin 𝑥 ׬ cot 𝑥 𝑑𝑥

⇒ 𝑦𝑝 = −cos 𝑥 𝑥 + sin 𝑥 log sin 𝑥

∴ General solution is given by: 𝑦 = C.F. +P.I.

i.e. 𝑦 = 𝑦𝑐+ 𝑦𝑝

⇒ 𝑦 = 𝑐1 cos 𝑥 + 𝑐2 sin 𝑥 + sin 𝑥(log sin 𝑥 ) − 𝑥 cos 𝑥 Answer.



Problem 3. Find the general solution of:    𝑦′′ + 𝑦 = tan 𝑥

Solution: The given equation is: 

𝑦′′ + 𝑦 = tan 𝑥 (1)

S.F. : 𝐷2 + 1 𝑦 = tan 𝑥 where 𝐷 ≡
𝑑

𝑑𝑥

⇒ 𝑓 𝐷 𝑦 = 𝑟(𝑥) where 𝑓 𝐷 = 𝐷2 + 1 and 𝑟 𝑥 = tan 𝑥

To find Complimentary Function (C.F.):

A.E. : 𝑓 𝐷 = 0 ⇒ 𝐷2 + 1 = 0 ⇒ 𝐷2 = −1 ⇒ 𝐷 = 𝑖,−𝑖

∴ Complimentary function is given by:

𝑦𝑐 = 𝑒0𝑥 𝑐1 cos 𝑥 + 𝑐2 sin 𝑥

⇒ 𝑦𝑐 = 𝑐1 cos 𝑥 + 𝑐2 sin 𝑥

To find Particular Integral (P.I.):

Comparing 𝑦𝑐 with 𝑦𝑐 = 𝑐1 𝑦1+ 𝑐2 𝑦2

Here 𝑦1 = cos 𝑥, 𝑦2 = sin 𝑥



Wronskian, 𝑊 =
𝑦1 𝑦2
𝑦1

′ 𝑦2
′ =

cos 𝑥 sin 𝑥
− sin 𝑥 cos 𝑥

= 𝑐𝑜𝑠2𝑥 + 𝑠𝑖𝑛2𝑥 = 1

P.I. is given by: 𝑦𝑝 = −𝑦1 ׬
𝑦2 𝑟 𝑥

𝑊
𝑑𝑥 + 𝑦2 ׬

𝑦1 𝑟 𝑥

𝑊
𝑑𝑥

⇒ 𝑦𝑝 = −cos 𝑥 ׬
sin 𝑥(tan 𝑥)

1
𝑑𝑥 + sin 𝑥 ׬

cos 𝑥(tan 𝑥)

1
𝑑𝑥

⇒ 𝑦𝑝 = −cos 𝑥 ׬
𝑠𝑖𝑛2𝑥

cos 𝑥
𝑑𝑥 + sin 𝑥 ׬ sin 𝑥 𝑑𝑥

⇒ 𝑦𝑝 = −cos 𝑥 ׬
1−𝑐𝑜𝑠2𝑥

cos 𝑥
𝑑𝑥 + sin 𝑥(− cos 𝑥)

⇒ 𝑦𝑝 = −cos 𝑥 ׬ sec 𝑥 − cos 𝑥 𝑑𝑥 − sin 𝑥 cos 𝑥

⇒ 𝑦𝑝 = −cos 𝑥 log sec 𝑥 + tan 𝑥 + cos 𝑥 sin 𝑥 − sin 𝑥 cos 𝑥

∴ General solution is given by: 𝑦 = C.F. +P.I.

i.e. 𝑦 = 𝑦𝑐+ 𝑦𝑝

⇒ 𝑦 = 𝑐1 cos 𝑥 + 𝑐2 sin 𝑥 − cos 𝑥(log sec 𝑥 + tan 𝑥 ) Answer.



Problem 4. Find the general solution of:    𝑦′′ + 𝑦 = cot 𝑥

Solution: The given equation is: 

𝑦′′ + 𝑦 = cot 𝑥 (1)

S.F. : 𝐷2 + 1 𝑦 = cot 𝑥 where 𝐷 ≡
𝑑

𝑑𝑥

⇒ 𝑓 𝐷 𝑦 = 𝑟(𝑥) where 𝑓 𝐷 = 𝐷2 + 1 and 𝑟 𝑥 = cot 𝑥

To find Complimentary Function (C.F.):

A.E. : 𝑓 𝐷 = 0 ⇒ 𝐷2 + 1 = 0 ⇒ 𝐷2 = −1 ⇒ 𝐷 = 𝑖,−𝑖

∴ Complimentary function is given by:

𝑦𝑐 = 𝑒0𝑥 𝑐1 cos 𝑥 + 𝑐2 sin 𝑥

⇒ 𝑦𝑐 = 𝑐1 cos 𝑥 + 𝑐2 sin 𝑥

To find Particular Integral (P.I.):

Comparing 𝑦𝑐 with 𝑦𝑐 = 𝑐1 𝑦1+ 𝑐2 𝑦2

Here 𝑦1 = cos 𝑥, 𝑦2 = sin 𝑥



Wronskian, 𝑊 =
𝑦1 𝑦2
𝑦1

′ 𝑦2
′ =

cos 𝑥 sin 𝑥
− sin 𝑥 cos 𝑥

= 𝑐𝑜𝑠2𝑥 + 𝑠𝑖𝑛2𝑥 = 1

P.I. is given by: 𝑦𝑝 = −𝑦1 ׬
𝑦2 𝑟 𝑥

𝑊
𝑑𝑥 + 𝑦2 ׬

𝑦1 𝑟 𝑥

𝑊
𝑑𝑥

⇒ 𝑦𝑝 = −cos 𝑥 ׬
sin 𝑥(cot 𝑥)

1
𝑑𝑥 + sin 𝑥 ׬

cos 𝑥(cot 𝑥)

1
𝑑𝑥

⇒ 𝑦𝑝 = −cos 𝑥 ׬ 𝑐𝑜𝑠 𝑥 𝑑𝑥 + sin 𝑥 ׬
𝑐𝑜𝑠2𝑥

sin 𝑥
𝑑𝑥

⇒ 𝑦𝑝 = −cos 𝑥 (𝑠𝑖𝑛 𝑥)+ sin 𝑥 ׬
1−𝑠𝑖𝑛2𝑥

sin 𝑥
𝑑𝑥

⇒ 𝑦𝑝 = −cos 𝑥 𝑠𝑖𝑛 𝑥 + sin 𝑥 ׬ 𝑐𝑜𝑠𝑒𝑐𝑥 − sin 𝑥 𝑑𝑥

⇒ 𝑦𝑝 = −cos 𝑥(sin 𝑥) + sin 𝑥 − log 𝑐𝑜𝑠𝑒𝑐𝑥 + cot 𝑥 + sin 𝑥(cos 𝑥)

∴ General solution is given by: 𝑦 = C.F. +P.I.

i.e. 𝑦 = 𝑦𝑐+ 𝑦𝑝

⇒ 𝑦 = 𝑐1 cos 𝑥 + 𝑐2 sin 𝑥 − sin 𝑥(log cosec 𝑥 + cot 𝑥 ) Answer.



Problem 5. Find the general solution of:    𝑦′′ − 2𝑦′ − 3𝑦 = 𝑒𝑥

Solution: The given equation is: 

𝑦′′ − 2𝑦′ − 3𝑦 = 𝑒𝑥 (1)

S.F. : 𝐷2 − 2𝐷 − 3 𝑦 = 𝑒𝑥 where 𝐷 ≡
𝑑

𝑑𝑥

⇒ 𝑓 𝐷 𝑦 = 𝑟(𝑥) where 𝑓 𝐷 = 𝐷2 − 2𝐷 − 3 and 𝑟 𝑥 = 𝑒𝑥

To find Complimentary Function (C.F.):

A.E. : 𝑓 𝐷 = 0 ⇒ 𝐷2 − 2𝐷 − 3 = 0 ⇒ 𝐷 − 3 𝐷 + 1 = 0

⇒ 𝐷 = 3,−1 (real and distinct roots)

∴ Complimentary function is given by:

𝑦𝑐 = 𝑐1𝑒
3𝑥 + 𝑐2𝑒

−1𝑥

To find Particular Integral (P.I.):

Comparing 𝑦𝑐 with 𝑦𝑐 = 𝑐1 𝑦1+ 𝑐2 𝑦2

Here 𝑦1 = 𝑒3𝑥, 𝑦2 = 𝑒−𝑥



Wronskian, 𝑊 =
𝑦1 𝑦2
𝑦1

′ 𝑦2
′ = 𝑒3𝑥 𝑒−𝑥

3𝑒3𝑥 −𝑒−𝑥
= −𝑒3𝑥𝑒−𝑥 − 3𝑒3𝑥𝑒−𝑥 = −4𝑒2𝑥

P.I. is given by: 𝑦𝑝 = −𝑦1 ׬
𝑦2 𝑟 𝑥

𝑊
𝑑𝑥 + 𝑦2 ׬

𝑦1 𝑟 𝑥

𝑊
𝑑𝑥

⇒ 𝑦𝑝 = −𝑒3𝑥 ׬
𝑒−𝑥(𝑒𝑥)

−4𝑒2𝑥
𝑑𝑥 + 𝑒−𝑥 ׬

𝑒3𝑥(𝑒𝑥)

−4𝑒2𝑥
𝑑𝑥

⇒ 𝑦𝑝 =
𝑒3𝑥

4
׬ 𝑒−2𝑥𝑑𝑥 −

𝑒−𝑥

4
׬ 𝑒2𝑥 𝑑𝑥

⇒ 𝑦𝑝 =
𝑒3𝑥

4

𝑒−2𝑥

−2
−

𝑒−𝑥

4

𝑒2𝑥

2
= −

1

4
𝑒𝑥

∴ General solution is given by: 𝑦 = C.F. +P.I.

i.e. 𝑦 = 𝑦𝑐+ 𝑦𝑝

⇒ 𝑦 = 𝑐1𝑒
3𝑥 + 𝑐2𝑒

−1𝑥 −
1

4
𝑒𝑥 Answer.



This Photo by Unknown Author is licensed under CC BY-NC-ND

https://jojofeelings.wordpress.com/2012/02/01/romantic-songs/
https://creativecommons.org/licenses/by-nc-nd/3.0/

